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1. Introduction 

In this worlc we study some aspects of ttie type fermionic string in a two dimensional 
black hole geometry H. The two dimensional black hole background corresponds to an exact 
(to all orders in the inverse string tension a') superconformal field theory (SCFT) on the 
worldsheet: the -jj^pj quotient SCFT. This is the supersymmetric worldsheet version of 
the bosonic black hole . In the Euclidean case, the axially gauged quotient sigma 

model is a semi-infinite "cigar" [j^ with a non-trivial dilaton. Far from the tip of the cigar, 
the worldsheet theory is a sigma model on the infinite cylinder with a linear dilaton in the 
non-compact direction, and two free fermions. The string theory is weakly coupled in this 
asymptotic regime. On the other hand, the maximal value of the dilaton is at the tip of 
the cigar; it is a finite, free parameter. Hence, this theory can be studied in a small string 
coupling (qs) perturbation theory. 

The two dimensional Lorentzian background can be obtained either by gauging a 
different U{1) in SL{2), or by an analytic continuation of the Euclidean energy on the 
cigar. This Wick rotation maps the cigar to the regime outside the horizon of the 1 -f 1 
dimensional black hole. The regime behind the singularity can be obtained by analytic 
continuation of an axial/vector T-dual version of the cigar - the "trumpet" - or 

by considering the analytic continuation of correlators of winding modes on the cigar to 
Lorentzian space-time. 

Like the 2-d bosonic string, the closed string physical spectrum of the 2-d type strings 
consists of massless "tachyons" (there are no string excitations in a two dimensional target 
space-time i). Hence, the type 2-d black hole is perturbatively stable. Moreover, unlike 
the 2-d bosonic black hole but as in , the type black hole is also expected to be non- 
perturbatively well defined. This fact on its own is already a good motivation to reconsider 
strings propagation in a 2-d black hole background, this time fermionic strings. 

Another related motivation for this work is that similar to it is plausible that 

the type 2-d black hole has an open string dual: a matrix quantum mechanics on its 
(unstable) localized D-branes. We shall speculate on a possible direction to search for such 
a matrix model dual later. 

^ See and references therein for some background. 
^ See and references therein for a review. 

^ There are also discrete physical states appearing at special values of momenta, which we 
shall not consider in this work. 
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The purpose of this work is to begin to coUect some properties of the 2-d type 
string theories on ^^^y-, and to consider its black hole interpretation. In section 2, we 
present some properties of the -jj^iy SCFT which will be useful later. In section 3, we 
present physical operators in the type OA and type OB string theories. There are massless 
scalars ("tachyons") both in the NS-NS and R-R sectors of these theories. In section 4, 
we compute the two point functions of these scalars. Then, in section 5, we interpret 
these results as the reflection coefficients of scattering waves, which are incoming from 
an asymptotically flat regime of the black hole, either outside the horizon or beyond its 
singularity, and scattered either from the horizon or the singularity, respectively. 

In section 6, we present our conjecture regarding a matrix quantum mechanics dual 
to the type OA string theory on the 2-d black hole. Finally, in the appendices we describe 
some of the technical details. 



2. The SL{2)/U{1) SCFT 

In this section we collect some properties of the two dimensional superconformal fleld 
theory (SCFT) on -jj^ which will be useful later (see for some preliminary background 
and references therein, as well as [|10[ and references therein). 

Consider flrst the superconformal WZW model on SL{2)i^ at level k. This theory has 
affine left-moving SL{2) supercurrents, 

il^'^ + eJ-r, a = 1,2, 3, (2.1) 

V K 



where 



and 



r = f - '-e\,i;'r : (2.2) 



r{z)i^\z) ~ ^ , ry"^ = diag(-F, +, 



H^ab -ah jc 

J [z)J [Z ) ~ + 



(2.3) 



[z — z'Y z — z' 

The purely bosonic currents generate an affine SL{2) algebra at level kb = k + 2 and 
commute with the free fermions whereas the total (physical) currents J" generate a 
level K SL{2) algebra and act on -0" as follows from ( |2.2|) ,( p73| ). Similarly, the theory has 



afRne right-moving SL{2) supercurrents, '0" + k"^"- This theory has a Virasoro central 
charge 

c{SL{2)) = 1 + -. (2.4) 

Define 

V± = ^(^^±zV'') , (2.5) 

and introduce a canonicaUy normahzed scalar H, H{z)H{z') ~ — \og{z — z'), which is used 
to bosonize '0^'^: 

dH = ip^ip^ = 1^;-^;+ . (2.6) 

Note that 

J^^f+idH, (2.7) 

and 

f{z)dHiz') ~ , j'{z)tdH{z') ~ . ^ . (2.8) 

— z')^ 

We introduce two other canonicaUy normalized, independent scalars and Xji, defined 
by 

j' = -^dXs, (2.9) 

and 

iH=^Xs + i^XR , (2.10) 

where 

c = c(SL{2)/U{l)) =3 + - . (2.11) 

The Xs dependence in eq. (|J|) follows from Q and (g]!!). Equations (|3), (|;|) and 
( pJO| ) imply that 

.3 Ik + 2 



f = -\l^dxs, (2.12) 



where the canonicaUy normalized scalar xs is: 



xs = ^li^^J^Xs + ^Xn\ . (2.13) 

Let ^jmrh be a primary field in the bosonic WZW model on SL{2)^g at level 

nB = K + 2, (2.14) 
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which obeys 

r{z)^jmrn{z') ^ _ , (2.15) 

and similarly in is the eigenvalue of the right-moving current j^. Since ^jmm is purely 
bosonic - independent off the free fermions i/^" - it is also a primary of the superconformal 
theory on SL(2)^ at level k with a eigenvalue equals to m: 

J-\z)^j^fh{z ) j-^, — , (2.16) 

and similarly for the right- movers. 

We denote by ^jm{z) the holomorphic part of ^jmm- Its scaling dimension is: 

h{<5,^) = -iil±^ . (2.17) 

Using eqs. ( |2.9[ ) and ( |2.12| ),( [2'.13D , we can decompose: 

SL(2) 

where Vjm is a primary of the bosonic Euclidean quotient CFT on — u{i)^ is a 

primary of the superconformal quotient -^jjj^- The Virasoro central charge c of the latter 
is given in eq. ( |2.11j ). The scaling dimensions of V and U are 

ft«J = -^ + -^. (2.19) 

and 

= . (2.20) 



Similarly, using (|2.10D , we can decompose 



S L(2) 

Operators in the Euclidean ^CIFT are obtained from their "parent" operators in 

the SL{2)i^ SCFT by eliminating the and dependence. Hence, primary fields in the 
SCFT take the form: 

VJ"^ = l/^.^e^(^+")v^^« . (2.22) 



Their scaling dimension is: 

MT/- ^ - + ^ (n^ 2m y _ -i(j + l) + (m + n)^ 

In the Neveu-Schwarz (NS) sector n is an integer while in the Ramond (R) sector n is in 



Z+2 



1. I 

iV^ : n G Z 



1 (2.24) 
R: ne Z+ - . 

A few comments are in order: 

(1) The SCFT on uli) an = (2, 2) superconformal symmetry. The holomorhic 
U{1) i?-current of the left- moving N = 2 algebra is 

jR = i^dXR, (2.25) 

and similarly for the right-moving algebra. 

(2) Equations {^^) and (^) imply that the i?-charge of VJ"^ is: 

^ , c f 2m \ 2m nc , 

(3) When n = 0: 

^/m = U,m = y,„,e^(^)vl^« , (2.27) 

where Vjm and Ujm are given above (see eqs. (gT8D,(^ ) ,(^ ) ,( ^) ). 

(4) The "parent" operator of VJ!^ is the SL{2)^ operator S 

$^.^e^"^ = y^^eV^("^+'^)^3 . (2.28) 

Hence, its eigenvalue is m + n. 

(5) The Lorentzian ^f^^^-j'^ quotient is obtained by gauging a space-like direction instead of 
the time-like direction generated by J^. Hence, comment (4) implies that the analytic 



^ This follows, for instance, from the fact that the NS (R) sector in a quotient SCFT is induced 
from the NS (R) sector of the "parent" theory, and from comment (4) below. It also follows from 
comment (6) bellow. 

^ In the R sector (n G Z + |), we have ignored the spin field of the fermion in SL{2), 
which is eliminated anyway in the quotient SCFT. 
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continuation from the Euclidean black hole to the Lorentzian one is done by a Wick 
rotation of the real m + n eigenvalue to an imaginary value: 

K 

Euclidean : m + n = — , K & R , 

(2-29) 

Lorentzian : m + n = — , P E R . 
(6) The operators obtained by setting n = ±i and taking Vjm 1 (which has j = m = 0) 



on the right hand side of eq. (|2.22|) are the spin fields: 



S± = e^-^ I = e^M^n (2.30) 

These generate the Ramond ground states when acting on the NS vacuum. 

(7) The geometry of the Euclidean SCFT background is the following 0,0]. The 
metric and dilaton are il 

ds"^ = K{dr^ + tanh^ rdO"^) , r>0, 9 9 + 2% , (2.31) 

and 

e* = ^ , (2.32) 
coshr 

where the dilaton # is normalized such that the string coupling is Qs = e^^\ and $o 
is a constant. This is the cigar shaped background, which is exact to all orders in a' 
(up to an overall constant normalization) |lTl[] . 

(8) Asymptotically away from the tip of the cigar this background becomes the cylinder 
R(l, X 5"^ (parametrized by two canonically normalized scalars x and (p) with two free 
fermions i/'^, i/'x and a linear dilaton: 



where 



ds^ = - {d(f)^ + dx^) , * = -—(f) , (2.33) 
2 2 



/2 2 2 47r 

(^=-r, x=-9 , x^x + — . (2.34) 
K Q Q Q 



^ Here we work with a' = 2. 

^ In the particular case Q = 2 (k = |) we have: (p = r and x = 9. Incidentally, we shall restrict 
to this particular case in the next sections. 
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In the asymptotic cylinder the central charge reads: 



c = 3(1 + Q2), (2.35) 
and the U{l)n current of the N = 2 algebra is: 

Jr = id{H' + Qx) , (2.36) 
where the canonically normalized scalar H' is used to bosonize the free fermions: 

dH' = i,^^^ . (2.37) 
(9) The asymptotic behavior of the SCFT primaries Uj^n is: 

e'^'^^'e^^^ . (2.38) 



Its i?-charge is thus Qr = Q^m = ^ (in agreement with eqs. (|2.26|) , (|2.27|) ). More 



over, eqs. (|2.25|) and (p. 361) imply that the asymptotic behavior of the scalar Xr 



IS 

' c 



Xr^H' + Qx , (2.39) 

and thus, using eqs. ( p.22| ),( pT27D ,( p.38| ) and ( p.39| ), one finds that the asymptotic 
behavior of the other -^^^y superconformal primaries is i: 

yn _^ ^inH' ^iQ{m+n)x^Qj(j) ^2 40) 

Its scaling dimension is h{j, m^n) = ^ {—Jij + 1) + {m + n)^) + ^ (in agreement 
with eq. ( |2.23| )); here we used: 

Me""^) = -^«(« + Q) ■ (2.41) 

(10) In the Euclidean quotient: 

m + n = -{p + wk) , fh + n = — -{p — wk) , p,w E Z , (2.42) 



S More precisely, VJ^;J^^^ e'^"^ )g^Q[(m+n)x-(m+n)x] (gQj^ + m, 7fi)e-'3(i+i)<A) (see 
1 12] and references therein), and it is the "reflection coefficient" R(j,m,m.) that we shall actually 
compute later. 
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where p and w are momenta and winding numbers on the cigar geometry This is 
manifest, for instance, from the asymptotic behavior (|2.4C1| ): eqs. ( p.40|) and ( |2.42| ) 
imply that the left and right-moving momenta on the cigar are 



1 



{k, k) = Q{m + n,7fi + n) = ( + wy^, — ^ + wy^ 



P 



which is compatible with the fact that the asymptotic radius of the cigar is 

R 



K . 



(11) Unitarity implies |1T0|JT^ that either 



'a' 



k-l 



2<^< 2 



jeR 



(2.43) 



corresponding to states (in the discrete series) localized near the tip of the cigar, or 



1 



se R 



[2.U) 



corresponding to scattering states (in the continuous series). 



S L(2) 

3. Physical Operators in Type String Theory on -jj^ 

The fermionic string has a critical central charge c = 15. Hence, consistency of a 
fermionic string propagating in an SCFT background requires that (see eq. ( |2.11D ): 

f^^l ^ c(5L(2)i/2/f/(l)) = 15. (3.1) 

We thus consider the fermionic string on the — J^^^ superconformal worldsheet theory. 

Using the results of the previous section, and standard arguments applied to a 
fermionic string theory in a two dimensional space-time [|T4| ,p| , one finds that the physical 



^ The reason that we have {m + n,fh + n) = ^{p + wn, —p + wn) is due to the fact that the cigar 
is obtained by an axial U (1) gauging of SL{2) (m + n, m + n) are the ( J"^, J^) eigenvalues. A 
vector gauging leads to the T-dual trumpet where rfi + n^ —{in + n). As a consequence, 

our conventions regarding type OA versus OB for the cigar are T-dual to what is used in Liouville. 
For some background needed for this section see ||l| and references therein. 
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operators have the foUowing form (we first consider the holomorhic part of the opera- 
tors 0). In the NS sector: 

T±(fc) = e-'^U_i + k = e-'^V_i + fe ^e'^^^ , (3.2) 



where T~^{k) obey the unitarity bound (|2.43 ) when k > and T (k) obey the bound when 



k < 0. In the Euclidean case (see eq. ( |2.42| ) with k = |, m = ^ and n = 0): 



w 

k = p+ — , p,w e Z , (3.3) 

while in the Lorentzian case: 

k = iP , PeR. (3.4) 



We chose to write the NS operators ( p.2|) in the —1 picture; (f is the scalar field arising in 
the bosonized superghost system of the worldsheet supersymmetry. In the R sector: 

S±{k) = e-^y^^, = e-^y i±|,.^ie^(''±^)^« . (3.5) 



2 ^ 2 ' 2 ^ 2 



Again, S~^{k) obey the unitarity bound (|2.43D when k > and S (k) obey the bound when 
/c < 0, /c is given in ( W^) or (|3.4D (see eq. (|2.42D with K=i,m = |=i=i and n = ±^), and 



we chose to write the R sector operators in the picture. 
A few comments are 
(i) One can verify that 



2 

A few comments are in order: 



h(T^{k)) = h{S^{k)) = 1 , (3.6) 

by using (|2]20D , (|]23D and 



Me^^) = -^9(9 + 2). (3.7) 

(ii) The asymptotic behavior of these vertex operators at the weak coupling regime is (see 
also [|T§): 

T^{k) e-'^e^^^e(-^±^)'^ , (3.8) 

where is a canonically normalized scalar with a background charge Q = 2 ($ = —(p) 
and X is a canonically normalized scalar with periodicity: 

x~a; + 27r, (3.9) 



The way the left-moving part is combined with the right-moving part depends on which type 
of fermionic string is being considered; this will be discussed below. 
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and 

S^{k) e-^e±^^'e^'=^e(-^±'=)^ . (3.10) 



Here we used Q = 2 and c = 15 in eqs. (|231 , (|238D , (|239D and j ^^M - 



(iii) The operators (U) and ( |3l0| ) are BRST invariant. This is shown in appendix A. 

(iv) The N = 2 i?-current is 

Jr = iVbdXR id{H' + 2x) , (3.11) 

and the spin field is: 

5± = e±^/^« = e±i^^« ^e±i(^'+2-) . (3.12) 

The right hand side in eqs. ( |3.11| ) and ( p.l2| ) is the asymptotic behavior. 

(v) The analysis for the anti-holomorhic part of the vertex operators is obvious, and 
follows the same lines as above, but now for the right-movers. In Euclidean space- 
time the left and right-moving "momenta" on the cigar are (see eq. ( p.42|) and use 
the same arguments which led to (|3.3|) ): 

{k,k)= (p + -,-p+-j , p.weZ. (3.13) 

(vi) Plugging the values j = (corresponding to scattering states ( p.44|) ) and 
m + n = (corresponding to a Wick rotation to the Lorentzian black hole ( p.29|) ) 



into Ujm and VJl^, we see that the on-shell conditions (|3.6|) translate into the condition: 

-P^ ^0 . (3.14) 

Hence, after combining left-movers with right-movers, the physical vertex operators 
correspond to massless fields in the 1-1-1 dimensional space-time. 

We are now prepared to construct the type theories. This requires to combine left-movers 
with right- movers in a way that is tree- level unitary and one- loop modular invariant. There 
are four non-equivalent ways to do it: 
(1) Type OB: 

We include in the theory the two (mutually local) operators Q"*""*" and Q~~ , 

Q^^{z,z) = e-^-^S^S^ , (3.15) 
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where the spin fields are given in (|3.12|) . Mutual locality with these operators is the 
analog of the diagonal GSO projection in fiat space. This mutual locality implies that 

n = n . (3.16) 

Hence, there are physical operators only in the NS-NS and R-R sectors. The on-shell 
condition further implies (see ( |2.23| )) that 



(m + n)^ = (m + n)2 . (3.17) 
Hence, in the NS-NS sector (n = n = 0) we have: 

A^^-A^^: m = ±m. (3.18) 
On the other hand, in the R-R sector (n = n = ±|), eq. (|3.17|) now implies: 



R-R: m = m. (3.19) 
All in all, we learn that the physical operators in the NS-NS sector are: 



2 ^ 2 ' 2 ' 2 



where, in the Euclidean case, T"'"^(/c) obey the unitarity bound ( |2.43|) when /c > and 
T~^(/c) obey the bound when /c < 0, and 

k = k = — G — it € = 1 , 

2 2' (3.21) 
k = —k = p E Z if e = — 1 . 

The physical operators in the R-R sector are: 



2 2 

2^2''2'T2'2'T2 



2^2'2 + 2'2i2 



(3.22) 



More generally, mutual locality implies that n — n G 2Z. However, since the 2-d string 
theory has no physical excitations, the operators T{k) and S{k) only have n = and n = zb|, 
respectively. 
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where, in the Euchdean case, S~^{k) obey the unitarity bound ( p.43|) when A; > and 
S~{k) obey the bound when k <0, and 

- w 

k = k= - , w eZ . (3.23) 



The operators VJ^^ in ( |3.20|) and (|3.22|) are the combinations of the left-moving primaries 



VJ^ in (|2.22|) with the right-moving VJ^. In both the NS-NS and the R-R sectors, we 
have: 

k 

m + n = - . (3.24) 
On the other hand, for the right-moving number we have: 

k 

rh + n = ± — in NS — NS , 

k ^ (^-^^^ 

m + n =— in R — R . 
2 

Hence, the analytic continuation from the Euclidean cigar to the Lorentzian black hole is 
done by Wick rotating (see ( p.29|) ): 

k^iP , Per. (3.26) 

(2) Type OA: 

We include in the theory the two (mutually local) operators and Q '", 

Q^^{z,z) = e-^-^S^S^ , (3.27) 

where the spin fields are given in (|3.12| ). Mutual locality now implies that 111 

n = -n , (3.28) 

and again, there are physical operators only in the NS-NS and R-R sectors. As before, 
the on-shell condition further implies eq. (|3.17|) . Hence, in the NS-NS sector {n = n = 0) 
we have again the relation ( p.l8|) , but in the R-R sector (n — —n — ±^), eq. ( |3.17| ) now 
implies: 

R-R: m = -rh. (3.29) 



More generally, mutual locality implies that n + n £ 2Z, but T{k) and S{k) only have n = 
and n = ±1, respectively. 
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Thus, the physical operators in the NS-NS sector are the same as in type OB ( |3.2C1| ),( |3^2T| ), 
while in the R-R sector the physical operators are: 

=e-^-ty -(2.±i)(x«(.)+x«(.)) 

2^2'2i2' 2^2 

where, in the Euclidean case, 

k = -k=p, peZ. (3.31) 

Again, both in the NS-NS and R-R sectors eq. ( |3.24| ) is satisfied. On the other hand, for 
the right-moving numbers we now have: 



k 

rh + n = ± — in NS — NS 
k 

fh + fi = in R — R . 



(3.32) 



2 

Therefore, the analytic continuation to the Lorentzian black hole is done again by Wick 
rotating as in ( |3.26[ ). 
(3) Type IIB: 

Here we require mutual locality with the holomorhic operators Q~^{z) and Q~^{z) (or Q~ (z) 
and Q~{z)), where 

g±(^) = e-^5±(2) , (3.33) 



and similarly for the right movers [|T^,|T^,|T5[ ■ This is the analog of a chiral GSO projection 
in flat space, and it leads to the supersymmetric 2-d black hole (in the Euclidean case). 
We shall not consider this theory here, except for two remarks: operators in the NS-NS 
and R-R sectors correspond to space-time bosons, while operators in the NS-R and R-NS 
sectors correspond to space-time fermions. However, there is no boson-fermion degeneracy 
in the spectrum, because there is no Poincare invariance in space-time. Some evidence 
in favor of a supersymmetric matrix model dual to the superstrings in the 2-d black hole 



geometry was presented recently in [jT^ . 
(4) Type IIA: 

Here we impose an opposite chiral projection on the left and right-movers, namely, we 
include the holomorhic operators Q~^{z) and Q~ (z) (or Q~ (z) and Q^{z)), where Q^{z) 



are given in ( p.33|) . We shall not consider this theory here, except for the remarks in the 



type IIB case which are correct in the IIA case as well. 
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4. The Two Point Functions 

The physical operators T(/c), S(/c) and S(/c) are of the form: 

Hence, the two point functions (2-p-f) take the form 111: 



Unlilce flat target-space, in -jj^pj the 2-p-f on the sphere do not necessarily vanish ||10|,[19 
Conservation laws require though that the 2-p-f vanish unless: 

kR + k'j^ = = kji + k'j^ , 

q + q' = -2 = q + q' , (4.3) 
m + rn' = — m + rh', j = j' ■ 



The first two correlators on the r.h.s of eq. (|4.2|) are trivial: they are equal to 1 when 
is satisfied. The third two point function is a 2-p-f in bosonic at level kb = k + 2. 



When (^73|) is satisfied, it is equal to |1C,19 
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(V- -V- ) :-(;:)^-+^ ^(1 - g^) V[-2j - 1) + m + l)r(, - m + 1) 
{Vj,-m,-mVjmm) - n^^) r(l + ^) r(2j + 1) T{-j - m)T{-j + m) ■ ^ ^ 

The J, m, m-independent constant u is the analog of the cosmological constant n in Liouville 
theory (more precisely, a sine-Liouville; see eq. (4.89) in PO]). From now on we choose 0: 



= 1 . (4.5) 

We shall now use these results to compute the 2-p-f of NS-NS and R-R scalars in the type 
string theories on the 2-d black hole background. 



We suppress the z, z dependence. 

Note that (in the Euchdean cigar) {Vj,-m,-mVjmrn) = {VjmrnVj,-m,-m) , as it should, since 
m — m = p (£ Z; this can be verified by using properties of F functions on the right hand side. On 

the other hand, (l^-(j + l),-m,-m^-(i + l),m,m) = {Vj,-m,-rnVjmrh)^^ ■ 



16 



See [20 1 for a discussion on the freedom to make such a choice. 



14 



4.1. The 2-P-F of NS-NS Scalar s in Type OB and OA 

The physical spectrum of NS-NS scalars is identical in the type OB and type OA 

fc p 

2 ~ 2 



theories. In the Euclidean cigar, it consists of states with m = —m = ^ = ^ {e = — in 



( p.20|) ) and m = m= | = ^(e = + in ( |3.20|) ). Recall that the integers p and w are 
momentum and winding numbers on the cigar background. 
For m = m it is convenient to define: 



T{k) = T++{k) k>0 , 
T{k)=T-+{k) k<0, 

and for m = —rh: 

f{k) = T+-{k) k>0, 
f{k)=T—{k) k<0. 
Following the details in appendix B, the two point functions are: 

w Z 
«; = — € — , m = m : 



(4.6) 



(4.7) 



. r(l-2|A;|)r(-|A;|)r(i + |A;|) ^^"^ 

(T(-fc)T(fc)) - r(i + 2|fc|)r(|fc|)r(i-|fc|) ' 



p & Z , m = —m : 



and0 



T{l + 2\km\k\) J V r(i) J (4.9) 

After analytic continuation |/c| ^ iP, P G -R, to the 1 + 1 Lorentzian black hole, we have: 

{R,{P)y''''^^^ = {T{-iP)T{iP)) = e*^(^) , P e , (4.10) 
where the phase ^{P) is 

' ^ V r(i + 2zP)r(zP)r(i -zP) ) ^ ' 



^'^ Note that for k = p G Z we have cos(7rp) = 1, hence {T{—p)T{p)) = {T{p)T{—p)) = 
{T{—p)T{p)) , and there are double poles in ( |4.8| ) and here. We keep however the present form of 
{T{—k)T{k)) since we are interested in its analytic continuation. 
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and 

{RniPT'''^''^ ^ {f{-iP)f{iP)) = e^^(^) — TT-^ , P^R- (4.12) 

4.2. The 2-P-F of R-R Scalars in Type OB 

The physical spectrum in the R-R sector of the type OB string theory on the cigar 
consists of winding modes ( |3.23| ),( |372^ ): m + n = m + n=^ = ^. It is convenient to 
define: 

S{k) = S+{k) k>0 , 

(4.13) 

S{k) = S-{k) k<0, 

where S{k) is either in the (— |, — |) or the (— |, — |) picture (see appendices A and C). 
FoUowing the details in appendix C, the two point functions are: 

(S(-k)S(k)) - r(i-2|/c|)r(-|/c|) _ 2(-r .4 
{b{ k)b{k)} - ^ 2|fc|)r(i - \k\)m - {\w\\r ' ^^-^^^ 

(or its inverse). The analytic continuation to scattering states in Lorentzian space gives 
(see appendix C): 

Rs{P) = , VP, (4.15) 

(or its inverse). 

4.3. The 2-P-F of R-R Fields in Type OA 

The physical spectrum in the R-R sector of the type OA string theory on the cigar 
consists of momentum modes ( |3.31D , (|3.32|) : m-\-n = —m — tt, = I = |. It is convenient to 



define: 

S{k) = S+(A;) A; > , 

(4.16) 

S{k) = S-{k) k<0, 

where S{k) is either in the (— ^, — ^) or the ( — |, — f ) picture (see appendices A,C and D). 
Following the details in appendix D, the two point functions are: 

2(-)P-i 

Wo 

(or its inverse). They are equal to the 2-p-f of momentum modes in the NS-NS sector, up 
to "leg factors:" 

T(i + fc)^V r(i) 

■ 1 ^ 

■2' 



{Si-k)m) = , (4.17) 



{Si-k)Sik)) = {f{-k)fik)) [^^) (f^T^)' ' ^ < ' ^4.18) 
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{S{-k)S{k)) = {f{-k)f{k)) 



va + k)) \m 



k>0 



(4.19) 



(or its inverse), where {f{—k)f{k)) is given in ([4.9|). Recall that actually ( |4.19| ) = ( |4.18| ) 
The formal analytic continuation of (|4.18[ ) to scattering states in Lorentzian space 



gives 



(RHiP))-' ^ {Si-iP)S{tP)) = {f{-tP)f{tP)) 



^(^+^P) 

r(i) 



rrii 



T{l + iP) 



(4.20) 



or its inverse li^l, where {T(—iP)T(iP)) is given in ( [4.12| ). On the other hand, the analytic 
continuation of (|4.19|) is for all P. 



5. Scattering from the Black Hole Horizon and Singularity 

In this section we present the interpretation of the results in the previous section in 
terms of the black hole physics. 

5.1. Scattering of NS-NS Scalar s 

The two point functions are normalized such that, after analytic continuation, they 
give the reflection coefficients ii R{P) of scattering waves, which are incoming from an 
asymptotically flat regime in the extended eternal black hole 0. 

The scattering of momentum modes in the cigar background has the following inter- 
pretation. It is analytically continued to the scattering of momentum modes incoming 
from the asymptotically flat regime outside the black hole horizon, and scattered from the 
horizon. The result ( [4.12|) shows that the reflection coefficient Rh{P) satisfies: 



\Rh{P)\ 



r(i + zP) 



^ (5.1) 



cosh(7rP 



For P < 0; see appendix D and recall that we choose the branch with + |) > 0. 
For P > 0. 

Or the inverse of R{P), depending on whether the scattering wave is incoming or outgoing, 
namely, on the relative sign of energy and momentum in the scattering state. This relative sign 
is changed when we take {j, m, fh) { — {j + 1), m, m): it takes P = —2i{j + ^) —>■ —P and does 
not change E = —i{m it m) (it sign if m = zbm; see [^,[|12|). 
'^^ This can be shown, for instance, by following sections 3 and 4 of [12|, and references therein. 



17 



Hence, 

\Rh{P)\<l, (5.2) 

namely, part of the incoming wave is reflected from the black hole horizon. 

On the other hand, the scattering of winding modes on the cigar geometry has a 
different interpretation 0. It is analytically continued to the scattering of momentum 
modes incoming from the asymptotically flat regime behind the black hole singularity, and 
scattered from the singularity. The result (|4.1UD shows that the NS-NS scalars are fully 



reflected from the singularity: 

\Rs{P)\ = l. (5.3) 

All in all, the results in this subsection show that the scattering of NS-NS scalars in the 
2-d type black hole is rather similar to the scattering in the bosonic string theory on the 
2-d black hole il [|,|12|, where il 

. SL{2)k,=9/4 . 1 .P 

Bosonic — — : ? = h i — , 

U{1) 2 2' 

= = ., _ r(i - *'P)THP) /r(i + MP) 



2 ■ ' T{l + 4iP)T{iP) Vr(i-zP) 

cosh(7rP) (5.4) 



l^^(^)l 



cosh(27rP) 



_ .3P „ r(i - 4iP)r(-zP)r(i + 2zP)r(i - tP) 

m = m = I — : Ks[P) = — ; ; — ; — ; — —^ ; — —^ — 

2 ^ T{l + AiP)T{iP)T{\-2iP)T{\ + iP) 

\Rs{P)\ = l . 

In the next subsection we discuss the scattering of R-R flelds. 
5.2. Scattering of R-R Fields 



In the type OB string theory the R-R flelds have m = m (|3.19|) , and thus they carry 



only winding numbers ( p.23| ) on the cigar. Thus the result (|4.15| ) indicates that these 



Though the 2-p-f in the bosonic and type cases are different in a significant way, which will 
be important later. 

The exact two point function on the sphere in the 2-d bosonic black hole is obtained by eq. 



(4.4) with K, = Kb — 2 = j = — ^ + i^, and the on shell condition m = = i^. References 
p|,p!2| do not have the K-dependent phase factor in ( [4. 4)) , since they analyze only the classical limit 
(equivalent to k ^ cx) in ([4.4|)). 
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R-R fields are fully transmitted through the singularity B^. This result is puzzling, since 
Rs{P) = both for the dispersion relation E = P = —ik (where E = —i{m + n + m + n) = 
—2i(m+ |) is the energy and P = —2i{j + 1/2) is the momentum), and for E = —P = —ik 
(see appendix C). Perhaps it indicates that these R-R scalars are non-propagating fields 
in the 2-d black hole background. 

On the other hand, in the type OA black hole, after a formal analytic continuation 
we found two possibilities. The first is a propagating R-R field (see ( [4.18| ),( ^72I]| )), with 
m = —fh (|3.29| ), which thus carries only momentum modes on the cigar ( p.31| ). This 
scalar field is scattered from the horizon. In eq. (|4.20| ) , the dispersion relation is E = —P 



{E = —i{m + n — m — n) = —2i{m + |) = —ik, P = —2i{j + ^) = ik in S {k); see appendix 
D). Hence, ( [4.20|) is the inverse of the reflection coefficient; it satisfies: 

, , , 1 sinhfyrP) 
Rh{P)-' = W^>1' 5.5 



(see I ( [4.201 ) I). The reflection coefficient itself is obtained for the correlator of scattering 
waves with E = P (see appendix D). The other possibility (the analytic continuation of 
( [4.191) ) is Rh{P) = 0. The latter is supported by classical space-time considerations il. 



6. A Matrix Model Dual - A Conjecture 

In this section we speculate on an open/closed string duality between the type 
SL{2) 1 /U{1) black hole, and the large decoupled quantum matrix model on its (un- 
stable) D-branes. Our conjecture follows a similar conjecture between the type string 
theory on Super-Liouville x c = 1 matter [^,^ . Hence, we first review the main essence of 
the conjecture of PJ|]. 



Wave functions scattered behind the singularity of bosonic 2-d black holes were considered 
recently in [12|. In the charged cases it was found that such wave functions are partly transmitted 
through the singularity. However, in the uncharged case the wave functions are fully reflected from 
the singularity On the other hand, in type OB we find that, unlike the bosonic case and 

the NS-NS scalars in type 0, the R-R scalars are not fully reflected from the singularity. Instead, 
they are fully transmitted through the singularity. 

The R-R momentum modes should be described by a massless scalar which does not couple 
to the dilaton. Since the massless Laplace equation in two space-time dimensions is conformally 
invariant (upon taking into account the regularity conditions on the horizon), we see that the 
reflection coefficient should vanish. 
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First, it is believed [22,2^,2^] that the bosonic closed string theory on Liouville x c = 1 



matter is dual to the matrix quantum mechanics on the decoupled theory of its ZZ (1,1) 



branes ||2^. The ZZ branes are D-branes localized in the strong coupling regime of the 
Liouville scalar cj) (which has a linear dilaton) . Their back reaction is expected to turn on 
the Liouville potential. The decoupled quantum mechanics in the large limit of such 
D-branes is conjectured to be the "old" matrix model (for a review, see [PB| , P7[| ) 

of the 2-d bosonic string. 

The ZZ branes are not stable. The open string tachyon potential has a local maximum. 
One side of this maximum is expected to have a local minimum while the other side 



is not bounded from below (see and references therein). Hence, the matrix model 



dual is unstable non-perturbatively. This is reflected in the fact that the bosonic matrix 
eigenvalues act as free fermions in an inverted harmonic oscillator potential, which fill only 
one side of the potential up to a certain Fermi sea level. This potential is related to the 
open string tachyon potential, which turns in the double scaling limit (leading to the large 
matrix model) into the inverted harmonic oscillator potential. 
A matrix model whose eigenvalues act as free fermions which fill the inverted harmonic 
oscillator potential symmetrically on both sides is conjectured [^,|^ to be the open string 
dual of the type OB closed string theory on Super-Liouville x c = 1 matter. Now, the 
inverted harmonic oscillator potential is associated with the open string tachyon potential 
of unstable D-branes in the two dimensional type fermionic string. This potential is 
symmetric around its local maximum and has, in particular, local minima on both sides 



(see and references therein). Hence, in the double scaling limit one obtains a stable 
vacuum where the eigenvalues fill the two sides of the potential to the same Fermi sea level. 

A main ingredient in checking this duality is a simple relation between correlators in 
the 2-d type theory and the 2-d bosonic string. An intuitive reason to this similarity 
is revealed by inspecting the Liouville potential and the on-shell vertex operators in both 
cases. In the 2-d bosonic string theory the Liouville potential is: 

C'b = ^iBe-^^ = ^iBe-^\ Qb = 2V2, (6.1) 

where is the Liouville scalar field with a background charge Q b ■ On-shell vertex operators 
are: 

T±(A;) =e''="e(-^±^)'^ , Qb = 2^2, (6.2) 
where x is the c = 1 scalar. 
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On the other hand, in the 2-d type theory the Super-LiouviUe potential is: 

^' = IJ'J d^Oe-'^ = n j (fOe-^^ , Q = 2 , (6.3) 

where $ is a scalar superfield with a background charge Q, whose physical components are 
(f) and tpfj). The on-shell vertex operators (in the NS sector) are: 

T±5(A;) =e-^e*'="e(-^±'=)'^ , Q = 2. (6.4) 

The similarity between (|6.1| ) ,( |0|) and (|673| ) , ( |6^) , respectively, leads [|14| to correlators in 



the type theory which are closely related to those in the bosonic theory: they are the 
same, up to leg factors and a rescaling P — > \/2Pb (the \/2 originating from the ratio 

Another 2-d bosonic, closed string theory which has a matrix model dual is the bosonic 
string on sine-Liouville . Sine-Liouville is a theory of a real scalar cj) with a background 
charge Qbt Si compact scalar x on a circle with radius i?, and a potential: il 

= A,ze^'^e^^("(")-^^"^) + c.c . (6.5) 
As in Liouville x c — 1 matter, the Virasoro central charge of sine-Liouville is 

c,i=2 + 3Ql , (6.6) 
and hence, criticality of the bosonic string implies 

Csi =26 ^ Qb =2V2 . (6.7) 
In this case, C'^i in ( |0| ) is marginal: 



The matrix model dual of this string theory is studied in |]2^. Again, the matrix eigen- 
values act as free fermions in an inverted harmonic oscillator potential, but this time the 
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We choose a' = 1, hence we normalize R as in |2£], such that {k, ^) = k + wR, ^ — wR), 



though unhke [29| we work with canonically normahzed scalars (f> and x, as in ( |2.33 ). The self-dual 



radius is = 1, though the R —>■ ^ T-duality is broken in the presence of the winding mode 
condensate (the sine-Liouville potential). 
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eigenvalues dynamics involves not only the scalar representation of SU{N), but also higher 
representations. In any case, as in the "old" matrix model, discussed above, the eigenvalues 
fill only one side of the potential. 

We finally return to the fermionic string on -jj^' "^^^ SCFT on the u\i) ^^S^^ 
is T-dual to the = 2 Liouville theory [|l|,|T|,|0|,|l| . The N = 2 Liouville theory has a 



scalar cj) with a background charge Q, a compact scalar x: 

V2c7 , , 

a; ~ a; + 27rr , r = — — — , (6-9) 

and a superpotential: 

£^v=2 = A y" rf26'e-^(*+^^) + c.c , X = X{z) - X{z) . (6.10) 

Here $ is the superfield with physical components (p and ipij}, and X is a scalar superfield 
with physical components x and '0^;, where (j) and x are given in ( p.33|) ,( pT3^) , and Q and 
K are related as in ( |2.34| ). As before, in a critical fermionic string on = 2 Liouville: 



cjv=2 = 15 ^ Q = 2 {>^=\)- (6.11) 



In this case, 



/:W=2(Q = 2)=A j d2^e-^(*+*^)+c.c = A j (fOe-^^^+'^^+cc, (6.12) 

where the compactification radius of x is = ( |6.9D (in which case the c = 1 CFT of 
X is equivalent to the theory of a free "Dirac fermion" ) . 

Following similar ideas to those in discussed above, we are led to conjecture 

that the matrix model dual of type OB string theory on = 2 Liouville is the symmetric 
potential version of the KKK matrix model ||2^ at the self-dual radius -^p=j = 1. Its non- 
perturbatively stable vacuum consists of matrix eigenvalues acting as free fermions, which 
fill both sides of the potential in a symmetric way. The reason that we have picked up the 

= 1 theory is because at this value of R the sine-Liouville potential (|6.5| ) is: 

£;^ = A,ze-'?('^+^^)+c.c. = A,ze-^('^+*^)+c.c, x = xiz) - x{z) , = 2^2 . 

(6.13) 

Moreover, the asymptotic behavior of the on-shell vertex operators in the weak coupling 
regime of sine-Liouville and N = 2 Liouville is the same as ( |6.2| ) and ( |6.4|) , respectively. 
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Comparing (|6.13|) to ( |6.12|) we see that the bosonic string theory on the = 1 sine- 



LiouviUe theory has similar correlators to those of the type OB string on = 2 Liouville 
(up to leg factors and P V^Pb, originated from the ratio: ^ = v^)- 

Since the N = 2 Liouville is T-dual to the SCFT on Tjpy-j we are finally led to our 
main conjecture: the type OA string theory on the SL(2) i/U{l) black hole is dual to the 

= 1 KKK matrix model jl^/ with a symmetric potential and eigenvalues on both sides 
of its maximum. 

A few comments are in order: 

(a) We further conjecture that this dual matrix model is the decoupled theory on ^ oo 
D-branes localized near the tip of the -jf^ cigar. These are the analogs of the ZZ 



branes discussed above [p2| , |33[| . It is clear that they must exist for various reasons. 
One is that there are consistent configurations of D-branes stretched between NS5- 
branes (for a review, see [^^), and the near horizon limit of certain distributions of 
NS5-branes gives the -jj^ SCFT |]Ty,0. A D-brane stretched between two such 
NS5-branes must turn into a D-brane localized near the tip of the cigar. Another 
reason is that localized D-branes inS AdS^, — SL(2) were found in [p2| , |33[| , following 
a similar route to ZZ [^. By taking the "Fourier transform" (as in of the 



closed string 1-p-f on the disc, computed in p2| , |33|] , and inducing the result to the 
quotient CFT, we find the analog of the ZZ brane construction in the cigar 

CFT. 

(b) The sine-Liouville theory at the self-dual radius = 1 is not the one dual to the 
SL{2)^/U{1) bosonic 2-d black hole. The latter is conjectured to be dual to sine- 
Liouville at ^ = I [^. One can see that the matrix model dual to type on the 
2-d black hole cannot be the symmetric version of the KKK matrix model dual to the 
2-d bosonic black hole by inspecting eq. ( |5.4| ): the on-shell condition in the bosonic 
case is m = ±m = z|P while the on-shell condition in type is m = ±m = i^ (the 
SL{2) levels are also different: k = | in type versus k = — 2 = i in the bosonic 
case). These lead to rather different correlators ( [4.4| ) in Tjpy (for instance, compare 
(U) to 0,(11) and O). 

(c) The = 1 point (the self-dual radius) in the investigation of [|2^ is rather special. 
The methods used in break down precisely as is decreased below 1. Hence, 
it would be interesting to reconsider the matrix model at this special point. 



Actually, in 



the Euclidean continuation of SL{2). 
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(d) Our conjecture should of course be supported by more flesh, similar to 0. For in- 
stance, it would be nice to prove the analog of eq. (3.47) in |§] (the factorization of 
the correlators of certain linear combinations ^ of our T and S), to find the ground 
ring in the type 2-d black hole (or N = 2 Liouville) and the A-dependent analog of 
eq. (3.39) in 0, and to compute the torus partition function (though it would make 
sense to do it in the models considered in (e), which depend on more parameters). 

(e) It would be interesting to study the 2-d type string theory on i?^ x ( |2.33|) with 
a more generic superpotential: 

j (/.e-"^ + Ae'^^-^t^) + c.c.) . (6.14) 

It is likely that it is dual to a symmetric version of the (/U, A, i?)-dependent family of 
KKK matrix models H. 
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Appendix A. BRST Invariance 

In this appendix we will check the BRST invariance of the Ramond vertex operators 
in the — | and — | pictures. Let us begin with the asymptotic regime, where the N = 2 
superconformal matter system is given by 

Tm = -]^d(t)d(t) - ^tp^dtp^ - ^d'^(p - ^dxdx - ^i/j^^di/j^ , 
Jt^(i) = + iQdx , Q = 2. 



There is a difficulty here (which apphes both to (|6.14D and ( |6.5D ), pointed out to us by N. 
Seiberg: it is likely that there are only 2 independent truly marginal deformations of the cigar 
CFT (or its T-dual Liouville). The value of the asymptotic radius R is correlated with A (as long 
as A 7^ 0). Thus one should clarify what is the KKK |2S] string theory at = 1. 
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The BRST operator can be written as 

Qbrst =Qo + Qi + Q2 , 

Qq = S cT{(p, X, t/j^, V'x, /3, 7) + bcdc 



1 



(A.2) 



Q 



bY = - 



where the matter = 1 supercurrent Gm is 



Gm — G~^ + G 



(A.3) 



and T(^, x, i/j^p, i/Jj;, /3, 7) is the sum of and the stress-energy tensor for the 7) system 
of the superconformal ghosts. Note that we further bosonize the latter as (3 = e~'^d^,'y = 
e'^?7, as usual, with Lp{z)(p{w) ~ — log(2 — w) and the fermionic rj) system of conformal 
dimension (0, 1) satisfying rji] 0, ^{z)rj{w) ~ -^z:^- 

The primaries of the Ramond sector in the SCFT ( [A .11 ), which satisfy the mass shell 
condition /i = | in the — | and — | pictures, are: 



S'^^'^{k) = e^^^'e^'=^e(-^+^^^)'^ , ei,2 = ±1 



where H' is given by (|2.37|) : 

dH' = i^xil^(j, ^ 
Using (|A.5| ) and Q = 2, we can express 

Gm. 



(A.4) 



(A.5) 



(A.6) 



Now one obtains: 

GMS''''Hk){w) ^ 

_ i^g(-l+eiA:)<?igifcx 

V2 



+ ... 



(A.7) 



where the stand for other terms with no {z ~ w) 2 factors. Hence, 



V2 (2 - w) 
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NZ — It) 2 



We want to check whether Qbrst commutes with 



ei,2 = ±1 



1 
2 



3 
2 



(A.9) 



From the form of Qi in ( [A.2| ) and ( |A.9D ,( |X^ ), it foUows that in the — | picture we should 
impose: 

^ ei = £2 , (A.IO) 



-- picture : 



for A; 7^ 0. On the other hand, in the — | picture aU the four states (|A.9|) are BRST closed. 
However, the states in (|A.9|) with q = - 



ei = €2 and /c 7^ are BRST exact, since they 



{k){z) 



5ip 



Qbrst, e-^d^S^^^-'^{k){z) 



(A.ll) 



are given by 

Note that again the Qq and Q2 terms do not contribute, and the action of Qi gives the 
necessary simple pole. As a final check of the BRST-exact character of K!3/2(^) 
non-triviality of V^^J^^{k)^ we can apply the picture changing operator to both pairs of 
states, obtaining: 



-3/2 



3/2 ^(^) 



Qbrst, 

y-^/l^k)^ QBRST,^V!_f^l{k) 



iV2kV!_\'jl{k) 



. 



(A.12) 



Thus we see that the picture-changing operator maps the BRST-exact states to zero, and 
connects the non-trivial states of the — | and — | pictures. To summarize, in the — | 
picture physical operators satisfy 



■- picture : 



-62 



(A.13) 



modulo BRST-exact operators with ei = £2. In the exact T/py SCFT, the N = 2 su- 
percurrents and /^-current of the superconformal algebra are given, for instance, by the 
Kazama-Suzuki construction ||3^: H 



Jr = idH +-J" 



(A.14) 



^^| -OXr 



29 The TV = 2 U{1) i?-current Jr was given in (|]25|) (see (l2lo|) , ) . 
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where the and J°^, a = ±, 3, are the bosonic and total currents, respectively, of the 
parent SL{2) SCFT, and i/'" are the free fermions of SL{2) (see 
Thus, to check BRST invariance one should compute the OPE between 



S'^^'^{k) = , , , ei,2 = ± , (A.15) 

2 1 2 ' 2 2 2 



G'^ = ^[V'+J-+V'-J+] ■ (A.16) 



and the = 1 supercurrent 



The result is the same as before (ei = €2 in the —\ picture). This can be seen in the 
following way. One knows what is the action of and i/'^ on the SL{2) primaries ^jm and 
e'" (see {^), respectively. Then using ( pT8| ), and the fact that j± = j^e^y^""^ 

with j^X3 ~ {xs is defined in ( p.l2|) ), one finds the OPE between the combinations tp^j^ 



in Gm and Vp^ ( ^) . The result ( |ATOD then follows for the e-^VJ"^ given in ( lATSl) . In 



J? 



the — I picture all the four operators e 2 1/'^ in (|A.15| ) are BRST- invariant (though two 
independent linear combinations of them are exact 11^) . 

Appendix B. 2-P-F in the NS-NS Sector 

Consider first the case /c>0(j = — 1 + and m = —fh. Inserting the appropriate 
values of j, m, fh and = ^ into eq. (^^), and using eq. ( |4.2| ), we find that: 
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k = p E , m = —m = ^ 



(T--(-p)T+-(,)) = (V.,. ..V.,.. ^^^mi-2p)r(-p)wr(Hp)A 

(B.l) 

After analytic continuation k — p ^ iP, P G -R, to the 1 + 1 Lorentzian black hole, we 
have: 



Those can be obtained by inspecting the asymptotic behavior mentioned in footnote 8 com- 
bined with (|03D. 



Although the unitarity bound ( ^.43| ) actually does not allow j = and even though for 

such values of j there are (double) poles in the Euclidean 2-p-f, we write it formally as we are 
interested in its analytic continuation below. 
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Next, for k > and m = m: 



, w Z_|_ _ w 

k = — G , m = m = — : 

2 2 4 

\ ^ 2^ ^2^^ \ -2+-'--.-- -2+-'-.-/ \^ r(i + tx;)r(f ) yr(i-f) 

(B.3) 

After analytic continuation /c = ^ — > zP, P G -R, to the Lorentzian black hole, we have: 

p (P) = (T-+(-zP)T++(zP)) = (^ r(i-2zP)rHP) \ r(i + zP) 

^^^-^ ^ ^ V r(i + 2zP)r(zP) r(i-zP) ■ ^ ' 

We have thus obtained the 2-p-f of positive momentum modes and positive winding modes 
on the Euclidean cigar, and their continuation to the 1 + 1 Lorentzian black hole. We now 
turn to negative momenta and windings and their analytic continuation. 
For k < (j = ~| ~ f ) and m = — fh one finds: 



k = p E , m = —m = - 

2 



(T+-(-p)T— (p)) = {V_i_P _P eV_i_p p _p) 

* \ 2 2'2'2 2 2'2'2 



r(i + 2p)r(p) \ / r(i 



(B.5) 



r{i-2p)r{-p)J Vr(i+p), 

Its analytic continuation to the Lorentzian quotient gives: 

(T+-(-iP)T-(zP)) = R-\P) , (B.6) 



where Rh{P) is given in (|B.2|) 



Finally, for k < and m = m: 



w Z- _ w 

fc = -G — , m = m = -: 



^ 2^ ^2^^ \ -2--'-- -4 -2-4>-'-/ \^r(i -«;)r(-f ); 



(B.7) 



and its analytic continuation gives: 

(T++(-zP)T-+(zP)) = Rsi-P) = R7\P) , (B.8) 



where Ps(P) is given in (|B.4|) . 
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Appendix C. 2-P-F in the R-R Sector of Type OB 

First of all, from eqs. (|3.22| ) and (|4.3|) we see that a non-vanishing two point correlator 
in the R-R sector is between S_i (/c) = S(/c) and (the "dagger" €2 — ^ —£2 of) its image in 

2' 2' 



the (— f , — f ) picture (see appendix A): 



2 2'2'2i2'2i2 
2i2'2i2'2i2 

Using the same methods as in the previous subsection, we find that for k > 0: 



(C.l) 



(S 3 (— A;)S"'~ 1 (/c)) =(V_i,k i_k i_kV_i,k _i_i_fe _i_i_fc) 

^ — 2 ~2 2'2'2 2'2 2 2~'~2' 2~'~2' 2~'~2 

_ r(i-2fc)r(-fc)r(fc)r(i) (C-2) 
~r(i + 2A;)r(A;)r(i-A;)r(o) ■ 

For k < we obtain: 

(S^3 (— /c)S~ 1 (/c)) =(V_i_k _i_k _i_kV_i_k life life) 

— 5 ~ 2 2 2' 2 2' 2 2 2 2 ' 2 ' 2 ' 2 2 

r(l -f2A;)r(A;)r(l)r(-A;) (C-3) 

~r(i - 2A;)r(-A;)r(o)r(i + k) ' 

Note that since here m = fh, namely, /c = ^ G ^, we actually obtain that ( |C.2| ) = ( |C3| ) 
= ^|^^|j)2 • ^ Due to the r(0) in the denominator of eqs. (|C.2|) ,( |C^ , it does not make 
sense to analytically continue to Lorentzian space 
Similarly, one finds that for A; > 0: 

(S~ 1 (— /c)S''~3 (/c)) =(l^_i I fc _i_fe _i_fe^_i_i_fe i_i_fe 

* ~2 ~2 2'2' 2 2' 2 2 2~'~2'2~'~2'2~'~2 

r(l + 2A;)r(A;)r(l)r(-A;) 



r(l - 2A;)r(-A;)r(0)r(l + A;) 



and for /c < 0: 



(S"'~i(— /c)S sik)) =(V_i_k i_fc i_fel^_i_fe _i I fe _i_i_fe) 

"2 ~ 2 2 2'2 2'2 2 2 2' 2 '2' 2 2 

r(l -2A;)r(-A;)r(A;)r(l) ^^'^^ 



J(l + 2A;)r(A;)r(l - A;)r(0) 

Note that (|C.4| ) and ( |C.5|) are the inverse of (|C.3|) and ( |C.2|) , respectively. The comments 
below eq. ( |C.3| ) thus apply here as well. 



^2 Use r(a; + 1) = xr{x) and r(-n + e) = -^1^ + 0(1), n = 0, 1, 2, to obtain this result. 
One obtains that in both cases the Lorentzian 2-p-f for the continuous series is Rs{P) = 
for all P € R (note that the analytic continuation fc — > iP is done before we write r(A;) in terms 
of fc!, which is valid for k (£ Z but not for k € iR). 
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Appendix D. 2-P-F in the R-R Sector of Type OA 

We now have the two point correlator between S_ i (/c) = S(/c) ( p.30|) and S_ 3 (/c). The 
latter is the same as S(A;) except for the changes e~^~^ e~"2 r (and j —{j + 1) 
if €2 = — ei; see appendix A). 

We find that for /c > 0: 

(S si — k)S^i(k)) =(V_l4_k l_k _ i _l_ kV_ I _l_ h. —L-l-k 1 — 
— 5 ~2 2 ' 2'2 2' 2 2 2 2 ' 2 ' 2'2 2 



r(l - 2A;)r(-A;) fT{k)V 



r(i + 2A;)r(A;) Vr(o) 

and for k < we obtain: 

{S+J-k)S- Ak)) =(V_i_k i,kV 

— 2 ~ 2 2 2' 2 2 ' 2 2 2 2'2^2' 2 2' 

r(l + 2A;)r(A;) / r(i 



r(l - 2A;)r(-A;) Vr(l + A;) 



(D.2) 



Note that since here m = — m, namely, k = p E Z, we actually obtain that ( p.l|) = ( p.2| ) 
= ■ The analytic continuation of ( p.2|) gives (for P < 0, since we choose the branch 

with + i) > 0): 

1 _ ^(l + 2^p)^(^p) / r(i) y 

Similarly, one finds that for k > 0: 

(s:,(-fc)s+ (/c))=(y_i+. _i . _i .) 



2^2' 2 2'2^2 2^2'2^2' 2 2 

r(l + 2A;)r(A;) \"V r(i 



(D.4) 



r(l - 2A;)r(-A;) y \T{l + k) 
and for k < 0: 

(S"*" 1 (— /c)S~ 3 (/c)) =(V_i_fe i_fc _i_i_fe^_i_fc _i_i_fe 

"2 ~ 2 2 2'2 2' 2 2 2 2' 2 2 ' 2 2 

'r(l-2A;)r(-A;)\"Vr('^)^"^ 



r(l + 2A;)r(A;) J \T{0) 



Note that ( p.4| ) and ( p.5|) are the inverse of (p.2|) and ( p.l| ), respectively In particular 



the analytic continuation of (p.4|) is Rh{P) (for P > 0, since we choose the branch with 
-z(j + |) > 0), the inverse of (p^). 
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